International Journal of Theoretical Physics, Vol. 9, No. 6 (1974), pp. 405-414

Further Studies in Aesthetic Field Theory IV

M. MURASKIN
Physics Department, University of North Dakota, Grand Forks, North Dakota

Received: 7T December 1973

Abstract

We are able to obtain a bounded particle, with no indication of a singularity appearing, in
several ways different from our previous papers. For one set of data we find slightly
greater structure (more turnabout points) than previously. We discuss some of the proper-
ties of ten different sets of data.

1. Introduction

In previous papers we obtained (Muraskin, 1973a; Muraskin & Ring, 1973;
Muraskin, 1973b) a bounded particle from ‘aesthetic’ mathematical ideas.

Running the computer for various directions from the origin, we found in
all cases, for all our particle solutions, that all the field components monotonic-
ally approach zero at a sufficient distance from the origin. We ran the computer
out as far as x = 1800 in one instance. It would be necessary for additional
structure to show up eventually if a solution is to describe a many-particle
system.

A possible hypothesis to be made is that the ‘vacbum’ outside the particle
shows all sorts of oscillations in the field components. The idea of a highly
agitated ‘vacuum’ has been suggested by many authors (Bohm, 1962; Nelson,
1966; Kershaw, 1964; Boyer, 1968; de la Pena-Auerbach, 1969; Lanzcos, 1957;
Wheeler, 1962; and others).

In this paper we discuss several attempts at trying to improve upon our
previous results. We find we can only claim mild success in this regard as we
have only slightly greater oscillatory behavior for the field components. We
shall limit the discussion to the equations I, = 0, g:x = 0.
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2. Data 1

The values of g;; are not critical for the point we wish to demonstrate below.
We take the following for I'j at the origin point

Phy=—4n  Th=87
Y =4n 'y =—8n (2.1)
g =-1 [5=0

All other I'jy are taken to be zero at the origin. When we ran down the z-axis,
only the six components listed above remained non-zero. i, %, M T
remained unchanged throughout the entire run. The graph of I3, is given by a
cosine curve and I'3, is given by a sine curve. The amplitude is - 1. The wave-
length is 27/T2; = -5 and the period, obtained from running down the time
axis, is 27/The = - 25. '

Thus, it follows that I'y;; = 0 can be used to generate sine and cosine curves
when we choose the data at the origin as above. Thus, Tz, = 0 is capable of
describing an indefinite number of oscillations for a field component.

The difficulty with the above data is that integrability is not satisfied. This
difficulty in extracting the sine and cosine effect from the field theory has
been demonstrated on previous occasions (Muraskin, 1970; Muraskin, 1972a)

using analytic rather than computer considerations.

3. Data 2
We take for F}:k the following:
I33=—Bo I = B3 I'3o=—B, I'% =B
I3 =B % =-8; I'% =8, % =-B;
I'ts=B, I'fo=-Bs I'}o =B, o =—B; G.1)
I's2 = Bo To =—Bs I3 =B, I'ss = -8,
I3 =—Bo T3 =8, I =-B; I'h =B,
'} =—B, I, =B, I's=-B, ;=B
We also take
1 0 0 0
61 00
8%l o 01 0 G.2)
0 0 01

Thus, we have that g;,,,[J% is antisymmetric in all indices at the origin. This set
of T}, we then find, is preserved at all points by the field equations T, = 0.
Thus, [y are constants and are exact solutions of the field equations. The in-
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tegrability equations are satisfied but with Rijkl % 0. Thus, this set of dataisa

generalisation of the exact Dirac plane wave solution discussed previously
(Muraskin, 1971a).

4. Data 3

The non-zero components for I'g, are taken to be

1"%0=P§0=I‘§0=I‘80=I‘(1,1=I’%2=I‘(3)3=
F%3=F31=F§2=—F53=—F%2=—F§1=B “.1)
F?l = F(z)z = Fga =-C

&qp is taken to be

8o = {4.2)

oo o =
(=
<o - O O
[a R e B o i o}

This is the same data used in Muraskin (1973b). In Muraskin (1973b) we took
e%; such that go¢ was a maximum at the origin. In this section we do not impose
this requirement and take e% to have, for example, the values

el =-88 ely=—-42 ely=—-32 elg=-22

el =-5 e%=-9 e’ = — 425 e%=-3 @3)
631=‘2 632="55 633':'89 33():’6

ey =-44  %=--16 %=-39 e% =101

We still found that all components of I‘;:k and g had maximum and minimum
behavior in the vicinity of the origin and the values of F]’:k and g;; approach
zero after we have progressed a sufficient distance from the origin along the
axes (as well as on selected runs off the axes). The ¢%; above were chosen in no
special way. Thus, we get a bounded particle irrespective of the choice of €%,
at least for a wide class of ¢%;.7 The choice of I'f,, g, are then the significant
variables in obtaining a bounded particle here.

5. Data 4

In this section we take those I'§, that describe Dirac plane waves (Muraskin,
1971a) in the x, y, z directions simultaneously, together with those components

T We cannot choose €% all zero, for example, and still get a bounded particle.
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instrumental in giving a bounded particle. The following I'§,, were non-zero
Tlo=T3 =T% =T =% =T =Tg = +1

F?1=P22=F(3)3=~1

=Ty =03 =-Ti=-T}=-ThL =+ G-
T3 =T3 =T = T3 = T =~T3 = +1
We also took
1 0 0 0
4 01 o 2
0O 0 0 0
and
ely= 7 ely= 62 e's =46 elo=24
et =—-12 €% =~ 08 e’ =—-14 e’ =082 53)
e =—-015 e%=—-097 e%=—-0111 &%=-092 '

eo() =2-0

%, €%, €% were calculated in the fashion of Muraskin (1971b) to make goo 2
maximum at the origin. This set of data obeys the Rjy; = 0 integrability rela-
tions.

We have already argued in Muraskin (1973b) that we can get the same
answer at all points for '}, g;; if we consider a theory based on e%; with

ae“‘i
gc.,; = 67631. €%
Y = eaieﬁje'kug‘,,, (5.4)
&ij = %€ 808

with T}, gog constant. If we use data (5.1), (5.2) and (5.3), we find from the
computer that e%; = 0 if we go far enough along the x-axis away from the
origin. This is not the boundary condition €% —> 8% which we would like in
order to enable us to introduce contravariant indices using the dual field e,’.
If R%; % 0 we may bring in T, as in Muraskin (1973b), with the aim of
satisfying e®; = 8%. In the R}y = 0 situation the introduction of T is not a
necessity. However, we never showed that it could not be introduced. We may
recall that in Muraskin (1970) we were able to bring in Tg; and %, (x), g,,(x)
and still have R%; = 0. We shall assume this to be the case here in order that
the boundary condition €% — 87" be satisfied.

We perform a three-dimensional rotation about a coordinate axis using the
formula

F’of@’"y/ = aaa’aﬁﬁ,a’)”y,rgy (5.5)
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and
gup' = 2@ 8g (5.6)
We take, for example,

cosy sing

. . (5.7)

0
—sing cosyp O
1
0 0 0

-0 O O

This describes a rotation about the z-axis. We find that, unlike our findings in
Muraskin (1973), the data is not invariant, although it is nearly invariant. All
components except I'so, I'so, [0, 0, T'lo, [0 remain unchanged. No I'§,
that was zero became non-zero. Thus, we have a structure that is similar to the
original structure even though there is no invariance.

We have found, first of all, that g, at all points considered, came out the
same as the g;; in the Muraskin (1973b) data. Thus, we get the same bounded
particle for g;; as we obtained before. This also suggests that g;; = 0 after we
proceed sufficiently far from the origin. We have made long runs down the
+x-axes and have also found that I'j, = 0 if we go far enough down the axis.
We note that even though g;; is the same as in Muraskin (1973b) the F’k are
different.

In running down the fx-axes, we found as many as four turnabout points
for components of I“k The largest number of turnabout points seen in our
work previously was three . Thus we have slightly greater oscillatory behavior
than we had found previously. Also, we found that at x = —381 not all the
components were decreasing in magnitude (one was still increasing). This situa-
tion was remedied by the time we got to x ~ —700. Thus, the monotonic be-
havior that we previously found down the axis far from the origin took much
longer to achieve here. It is not clear if any of this is significant, but at any
rate it would appear that we have some additional structure with the present
data.

Also, it is not apparent whether this data is obtainable from a transformation
on data that is invariant under three-dimensional rotations or not.

6. Data 5

In Muraskin (1973b) we pointed out that the choice of B (called Cin
Muraskin (1973b)) in equation (4.1) did not alter the values of g;;. We could
then, in fact, take B = 0 and we would still obtain a bounded particle in goo
with the same shape as when B % 0. But I'}; would be different for different B.

t The parameters used in the two cases were comparable. Note, it is possible that too
large a grid could obscure turnabout points. This would be the case for both sets of data.
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The question, therefore is whether there is some important role played by the
B terms in the theory. Perhaps they are responsible for the lack of singularities
in I‘} - Thus we have investigated the data of Muraskin (1973b) but with

B = 0. The qualitative picture that emerges, however, was similar to the case of
B % 0. Hence the role of B is not apparent. We still obtain F‘k - 0 far down
the axes. The integrability equations satisfied here are of the R ,kﬁ; 0 variety.
The oscillatory behavior is similar to the data of Muraskin (1973b).

7. Data 6

In this case we considered A= C = 0, B % 0 in equation (4.1). This by itself
would give an exact solution to the field equations and does not help us to
understand any possible need for the completely antisymmetric components.
What we shall do is to take, in addition to the B terms, [’ % 0. Such data is
similar to the data in Muraskin (1971b). In that paper all components having a
zero index were zero except for I'%. We find that the present data satisfies the
Rl % 0 integrability equations. We have taken gu to be given by equation
(4.2). We found no maximum or minimum in gee at the origin. We used
the same e%; as in (4.3). The results show a tendency toward blow-up. All
components of the field increase or decrease with an ever-increasing rate as we
move down the axis. Note, in Muraskin & Ring (1972) we obtained a similar
kind of result for the data proposed in Muraskin (1971b).

8. Data 7

In this section we ask whether it is possible to construct a theory based on
&ijs I"k such that I‘,’k - 0, g;; > 0 at infinity and for which g % 0 at the origin.
Smce gi; = 0 at infinity we do not have a non-singular g7 at all points.

In g = 0 theory, 1/g is not a physically meaningful field, thus we do not
introduce such a quantity. Similarly, if g;; - 0 at infinity the field £7() will
not be considered to be a physically meaningful variable, and will not be intro-
duced into any of the basic field equations.}

We consider the following data

T8, = 880y + 8oy W™ + 8505+ 8B €pqpy 8.1
withf

¢a=9a=—11/a=f‘30
B, = const. ¢, (8.2)

 The fact is, using the gag, I'fy data (8.1), (8.2) and (8.3), having g % 0, we can obtain a
bounded particle solution of the equations I",k ;1= 0, 87,5 = 0, for which the computer
suggests g;; — 0, F;k — 0 at infinity.

% This data is consistent with an underlying structure that is invariant under three-
dimensional rotations. This is because (8.1) and (8.2) can be obtained from a four-
dimensional orthogonal transformation on a set of invariant data.
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g% is defined at the origin and taken to be diag. (1, 1, 1, 1). Numerically, we
chose ¢y ="1,¢,=-2,¢3="3, ¢ =4 and By = 20 gag is taken to be (at the
origin)

1 0 0 0
0 1 0 O
(8.3)
gg=10 0 1 0
0 0 0 1
We take e%; to give a maximum in goo (at the origin)
611='7 612:'62 6132'45 610=1'5
2= 12 2,=—-08 2= 14 2, =082
831 632 633 630 (84)
e’y =—-015 e, =—-097 e’3=—0111 e’y =092
e%=10

%, €%, €% are calculated as in Muraskin (1971b). Now (8.1) and (8.2) lead to
a set of numbers for I'§,. Together with the numbers (8.3) and (8.4) we find
that the R}y, % 0 integrability equations are satisfied and Iy > 0, g; > O is
observed far from the origin in our computer studies.

It is assumed that there exists a set of goa(x), T8, (x), [%; so that % satisfies
e — 6% far from the origin in order to justify the contravariant index in I'.

The computer studies show that the goo particle is bounded. We have not
obtained any additional oscillatory behavior than in Muraskin (1973b).

The data above appears to lead to a bounded particle without requiring
g = 0. The computer work serves to illustrate that Iy - 0 at infinity can occur
when g;; ~ O at infinity without requiring that the auxiliary conditions of
Muraskin (1972c¢) be satisfied.t

9. Data 8

We have shown that we can obtain a bounded particle even when the com-
pletely antisymmetric components were zero as in Data 5. Since these com-
ponents are not essential for a bounded particle, this suggests that we may be
able to get away with more simple kinds of theories. The most simple theory
would involve the case in which gq,I' is completely symmetric in all indices
as such a situation can be related to a single-field variable. To see this point,
we write down the field equation for g;;

ag.-
5‘;,% =T}gs + Tigie = Djsn + Tijne 9.1)

T The invariants in Muraskin (1972¢) would involve multiplication of infinity by zero at
space-time infinity, thus the conclusions of that paper would not apply.
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Since [y is to be completely symmetric, we have

agyA ag.
ook el ©-2)

This equation is identically satisfied if

9%
&~ axtond ©3)
g;j is symmetric in 7 and J as it should be. From (9.1) we then obtain
1 9%
Ty = — ——3—p—= 9.4
7% 2 ax'ax/axk ©4)

which is symmetric in all indices as required. Thus, g;; and I can be built up
from a single variable, @.T It is not clear that I'j,; = O then leads to solutions
that are everywhere finite. This is something that we shall investigate.

A set of go,I'f,, which is completely symmetric in all indices, is given by

P§1=d=*'2

'y, =b=-3

2 9.5)
F33=C='6

Fgoz =17

with g,g given by (8.3). This data obeys R}, = 0 integrability. We obtain a
minimum in geo at the origin using the same €% as in (8.4). €%, €5, %5 were
calculated in the manner of Muraskin (1971b). The results from the computer
show no bound in gqo developing. A note of caution should be interjected at
this point. When some components of the field continue to increase or decrease
at an ever-increasing rate after a reasonably long run, this does not constitute
proof of a singularity developing since the magnitudes associated with the
particles may be extremely large. Below we give representative data.

oo I‘(1)0 F§1
x=0 8-02 1-78 —-069
x=1 851 2:29 —-053
x=2 10-2 2:94 — 041
x=3 14-0 3-85 — 032
x=4 226 5-30 -~ 025
x=5 467 8-07 — 017
xX=6 164-5 15-7 — - 004
x =698 11,3640 1344 - 145

1 This scalar function is not constructed from products of gy, F;:k, 3 ir}-}’c, 358>
as is the scalar functions discussed in Muraskin (1972c).
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A turnabout was seen in some components of I‘fk during this run. However,
the data appears to us to suggest that a singularity could be developing.

10. Data 9

In Muraskin (1970) and Muraskin & Clark (1970) we introduced a set of
data called particle 4 and particle B. This sort of data exhibited a reflection
symmetry about the origin for many of the components of the field to com-
puter accuracy. Thus, this set of data shows that the field is capable of describ-
ing symmetric configurations. We have found that after long runs down the
axes, no bound showed up for gog. There was also a plane through the origin
on which components such as '3 did not change at all. We are, therefore,
rather suspicious of this data.

11. Data 10

In Muraskin (1972b) we introduced a set of data that obeys R"}'k; %0.We
were unable to arrange the quantities appearing in equation (11) of Muraskin
(1971b) to be non-zero. Thus, no maximum or minimum in goe was found at
the origin. Running down the x-axis we found all components of the field
growing larger and larger in magnitude, suggesting a blow-up.

12. Conclusions

We first of all see that there are many solutions of the integrability equa-
tions, of which we have discovered a small number.

We have found a bounded particle solution that has only slightly more
structure than we had obtained previously. We had hoped for a bounded par-
ticle immersed in an ‘agitated’ vacuum.

We must also keep in mind two natural limitations in our computer pro-
gram. First, the distances between particle systems may be enormous. Thus,
the data of Muraskin (1973b) or data 4 or data 7 (as an example) cannot be
ruled out as a possibility, even though we have not found an agitated vacuum.
It may be that one has to make exceedingly long runs before additional struc-
ture shows up. The second limitation is that the value of field components
associated with a particle may be many orders of magnitude larger than the
environment, Thus, data 8 could conceivably still describe a bounded particle.

We are not against making runs on the computer of considerable longer
duration than we have up to now. However, we would like to first justify to
ourselves that there is a reasonable chance of something worthwhile coming
out before such an attempt is made. The criterion we are looking for (and we
have to admit that we may be mistaken) is the presence of an agitated vacuum,
or at least a vacuum with considerably more structure than we have seen.

We have noted from data 1 that sines and cosines are present in the theory;
we have seen that a bounded particle is present; we have seen that the apparent
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absence of singularities is present; we have seen that the trends toward natural
boundary conditions are present; so perhaps a better set of data does exist.
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